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Abstract: We introduce a new purely bosonic, 16 BPS Wilson loop for ABJM theory on S
3
that couples scalar fields to a latitude at an angle θ on S2 ∈ CP 3. Through localization of this
operator, we relate the expansion of the cusp anomalous dimension at small cusp angles to
the logarithmic derivative of the ABJM Wilson loop. This defines, non-perturbatively in the
’t Hooft coupling, the bremsstrahlung function B(λ) describing in three dimensions the soft
radiation of a W -boson undergoing a sudden change in trajectory. We compare our results
for B(λ) to the known weak/strong coupling expansions of the function h(λ) that enters
integrability. At weak coupling we precisely match the previously known two-loop result. At
strong coupling we find agreement at leading order in
√
λ, but a mismatch of the constant
coefficient. We comment on the striking similarity that we observe between these two, in
principle, unrelated functions.
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1 Overview
In supersymmetric gauge theories the logarithmic divergences due to the emission of soft fields
by a W -boson undergoing a sudden change in its trajectory are encoded in the cusp anomalous
dimension Γ(λ, γ, θ) defined through [1]
log 〈W(C)〉 ∼ −Γ(λ, γ, θ) log L

W(C) is the Wilson loop operator coupled to a contour C developing a cusp of angle γ, θ is
some internal angle, L and  are infrared and ultraviolet cutoffs and λ is the ’t Hooft coupling
constant. Γ(λ, γ, θ) is also related to the anomalous dimension of twist-two operators with
large spin [2–4], therefore its name. It follows that such function constitutes a fundamental
element for the understanding of the gauge theory both perturbatively, in the weakly and
strongly coupled regimes, and non-perturbatively, by means of localization and integrabil-
ity. Analytically continuing the internal angle θ → iϑ it is nontheless possible to perform
Bethe-Salpeter resummation in the ϑ→∞ limit [5–7], which provides a further genuine field
theoretic result in the strongly coupled region. Moreover, a non-perturbative expression for
the small γ, small θ behaviour Γ(λ, γ, θ) in N = 4 SYM theory was derived in [8] by relating
the latter to the expectation value, exactly computed by means of localization, of the circular
Wilson loop [9]. Such expression was also checked against a TBA computation [8, 10] and
Bethe-Salpeter resummation of the perturbative expansion [5]. This result constitutes one of
the few interpolating functions of AdS5/CFT4, i.e. functions that are exactly known at any
value of the coupling constant and which therefore are of particular interest for probing the
theory away from the perturbative reaches of the strong/weak coupling duality.
The idea in [8] is to relate the cusp anomalous dimension Γ(λ, γ, θ) at γ = 0 and θ  1 to
the derivative of Wilson loops 〈W (θ = 0)〉 that couples scalar fields to the equator θ = 0 of
S2 ∈ S5. Latitude loops in N = 4 SYM were first investigated in perturbation theory in
[11] and were shown to be 14−BPS operators for θ 6= 0. The amount of supersymmetry they
preserve is enough for localization to apply [12]. Their expectation value is equivalent at any
order to that of the 12 BPS circular loop
〈W(λ, θ)〉 = 〈W(λ′, 0)〉
provided the rescaling of the coupling constant λ′ → λ cos2 θ, as originally conjectured in [11].
In the context of the AdS4/CFT3 correspondence much less is known about the cusp anoma-
lous dimension and the related function h(λ) [13–15]. From the point of view of integrability,
this function appears in the problem of determining the dispersion relation of a single magnon
[16]
E(p) =
√
Q2 + 4h2(λ) sin2
p
2
−Q
where p is the magnon’s momentum along the spin chain andQ is its R−charge. It also appears
in the TBA equations of [17] that in turn determine the all-order spectrum of anomalous
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dimensions of gauge theory operators. Besides, the cusp anomalous dimension also relates the
AdS spin S and scaling dimension ∆ of twist-two operators
∆− S = Γ(λ) logS for S →∞ and γ
2
2
Γ(λ) = lim
γ→i∞
Γ(λ, γ, 0)
and must be recovered by the appropriate semiclassical limit of the TBA system of equations.
The original mismatch between the next-to-leading value attributed to h(λ) at λ >> 1 by
integrability and the one obtained in the field-theoretic computation of [18] was solved in [19].
There the authors proposed to eliminate the dependence on the unphysical function h(λ) by
re-expressing the λ dependence in terms of the physical Γ(h(λ)) inside the TBA equations.
It was suggested in [8] that a comparison between the all-order expressions for the ABJM cusp
anomalous dimension coming from integrability and a genuine gauge-theoretic computation
should clarify the nature of the infamous function h(λ). In this paper we investigate the second
half of that proposal. In a first instance we construct, in Euclidean signature, the Wilson loop
operator that couples gauge fields to a latitude at an angle φ of S2 ∈ S3 and scalar fields
to a latitude at an angle θ in S2 ∈ CP 3 and study its BPS character for general values of
φ, θ. We find that, admitting one identifies φ and θ, it preserves 2 out of 12 superconformal
charges and give explicit expressions for the Killing spinors parametrising them. We study
such operator at weak coupling and note a striking similarity with the four-dimensional result
of [11]. Namely, at the second order of perturbation theory we find
〈W (λ, θ)〉 ∼ 1 + pi2λ2 cos2 θ − 1
6
pi2λ2 λ 1
where the last term is the topological contribution of Pure Chern-Simons theory. Building
on the analysis of perturbation theory we conjecture that the strong coupling v.e.v. of the
Wilson loop should display the same rescaling of the ’t Hooft coupling that happens in the
four dimensional theory. We compute the expectation value at strong coupling by means
of the classical type IIA superstring in AdS4 × CP 3 that ends on our contour located at the
boundary of AdS4 and on a latitute at an angle θ on a two-sphere fibrated over a maximal arch
of CP 3. Relying on the localization result of [20] and the matrix model technology developed
in [21, 22] we find a striking agreement with this conjecture
〈W (λ, θ)〉 ∼ epi cos θ
√
2λ
This acts as a motivation for relating the bremsstrahlung function, defined through Γ(λ, γ, θ) ∼
(γ2− θ2)B(λ) for γ ∼ θ ∼ 0 to the derivative of the all-order expression for the 12 BPS Wilson
loop computed in [23]. In turn this gives a non-perturbative-in-λ expression for the function
B(λ) in three dimensional ABJM theory
B(λ) = N c
[
Ai′(c(ζ − ξ))
Ai(c(ζ − ξ)) −
Ai′(cζ)
Ai(cζ)
]
− piλ cotpiλ+ ipiλ+ 1
being
c =
(
pi2
2
k
) 1
3
ζ = N − k
24
− 1
3k
ξ =
6
3k
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and Ai(x) is the Airy function. The latter is a compact expression that encodes all 1/N
corrections, and by writing it we tacitly assume that it should hold the large N limit only.
The such written bremsstrahlung function can be expanded at weak and strong coupling, this
yields to
λ 1 B(1/2)(λ) = pi2λ2 − 2
3
pi4λ4 +
17
15
pi6λ6 − 5597
2520
pi8λ8 +
481003
45360
pi10λ10 +O(λ12)
λ >> 1 B(1/2)(λ) =
pi
2
√
2λ+ 1− 2
pi
+
pi
48
√
2λ
+O(λ−1)
We observe a striking similarity between the expansions above and the thought form of the
function h(λ) both at weak and strong coupling, and we end with a comment on this relation.
Conventions, additional computations and a brief synopsis of localization results for ABJM
Wilson loops are in appendix.
2 Deforming the scalar couplings
The 16 BPS bosonic Wilson loop of the N = 6 ABJM theory is known to couple the scalar
fields to a semicircle inside CP 3 [24, 25], in contrast with the four dimensional case in which
the 12 BPS loop operator is coupled to a single point in S
5. There are no known purely bosonic
loop operators that preserve more than one-sixth of the N = 6 superconformal symmetry of
ABJM theory, and one has to include the direct coupling of fermionic fields to the contour to
obtain a 12 BPS observable [26]. Thought the Wilson loop of [24, 25] is somewhat closer to
the 14 operator of [11] in N = 4 SYM in four dimensions, where scalar fields are coupled to a
latitude on a S2 ∈ S5 at some angle θ. We are then interested in deformations of the operator
of [24, 25] that include the coupling of scalar fields to a generic arch in CP 3 and still preserve
(at least part of) its supersymmetry.
2.1 BPS constraints on S3
The bosonic Wilson loop on S2 × R in Euclidean signature reads
W =
1
N
TrP exp
∫
l
(
iAµx˙
µ +
2pi
k
CIM
I
J C¯
J
)
dτ (2.1)
We use R3 flat coordinates x1, x2, x3 for the embedding of S2, whose radius is set to one
without any loss of generality and can be reintroduced by dimensional analysis. The loop
operator is coupled to the contour
xµ(τ) = {cosφ cos τ, cosφ sin τ, sinφ} (2.2)
that parametrises a latitude l on the two-sphere at an angle φ and with affine coordinate
τ ∈ [0, 2pi). In an alternative description, the S2 can be viewed as a maximal two-sphere in
S3; the two descriptions are equivalent and we will use either of them according to which is
more convenient. The matrix M IJ determines the coupling of scalar fields to a contour in CP 3
through the parametrization
M IJ = δ
I
J |y˙| − 2
˙¯yI y˙J
|y˙| (2.3)
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where yI , y¯
I , I = 1...4 are projective coordinates in CP 3. In the usual case where M =
±diag(1, 1,−1,−1), yI define a maximal semicircle. Supersymmetry requires
|x˙| = |y˙| (2.4)
which fact we will discuss in more details in the following, hence it is convenient to rescale M
as
M IJ = |y˙|M ′IJ = |y˙|
(
δIJ − 2
˙¯yI y˙J
|y˙|2
)
(2.5)
From now on we will remove the prime from M ′ and refer to it as the matrix of scalar couplings.
According to the supersymmetric transformation rules of bosonic fields (A.5), the variation
of the Wilson loop relative to the Poicare´ subgroup of the superconformal group reads
δW =δ
(
iAµx˙
µ +
2pi
k
|y˙|M IJCIC¯J
)
=− 4pi
k
x˙µ
(
εαIJ(γµ)
β
αψ¯
I
βC¯
J + CJψ
α
I (γµ)
β
αϑ¯
IJ
β
)
+
4pi
k
|y˙| (M IJCIψαLϑ¯JLα +M IJεαILψ¯Lα C¯J)
=
4pi
k
{
CJψ
α
I
[
x˙µ(γµ)
β
αδ
J
L + |y˙|δβαMJL
]
ϑ¯LIβ + ε
α
LI
[
x˙µ(γµ)
β
αδ
L
J + |y˙|δβαMLJ
]
ψ¯IβC¯
J
}
(2.6)
Note that in the last line the antisymmetry of θ has been used. Most importantly, one
should keep in mind that there is no reality condition on superconformal Killing spinors in
Euclidean signature, henceforth ε and ϑ¯ should be regarded as independent spinors. We
expect that circular loops preserve, at most, Poincare´-conformal mixed supercharges, hence
we parametrise Killing spinors as
ϑ¯IJα = θ¯
IJ
α + (x · γ η¯)IJα εIJα = IJα − (ζ x · γ)IJα (2.7)
where θ¯,  parametrise super-Poicare´ transformations δP = Q
α
IJ θ¯
IJ
α , 
α
IJQ¯
IJ
α , and η¯, ζ parametrise
conformal transformations δC = S
α
IJ η¯
IJ
α , ζ
α
IJ S¯
IJ
α . We will solve separately for ϑ¯ and ε. In what
follows we work out the solution for ϑ¯, but the procedure is the same in the two cases. Using
the explicit form of the contour, the first term in parenthesis in the last line of (2.6), up to
CPψ
α
J , becomes
δW1 ∼ |y˙|MPI θ¯IJα − (γ1γ2)γα η¯IJγ δPI cos2 φ
+
[
(γ1)
γ
αη¯
IJ
γ M
P
I |y˙|+ (γ2)γαθ¯IJγ δPI
]
cosφ cos τ
+
[
(γ2)
γ
αη¯
IJ
γ M
P
I |y˙| − (γ1)γαθ¯IJγ δPI
]
cosφ sin τ
+
[
(γ2)
β
αδ
P
I cosφ cos τ − (γ1)βαδPI cosφ sin τ + δβαMPI |y˙|
]
(γ3)
γ
β η¯
IJ
γ sinφ
(2.8)
Given the functional dependence on the affine parameter τ along the loop, there are different
ways to gather the various bits and make (2.8) vanish, but at a first glance it is not obvious
which one is best to take into account the right amount of supersymmetry preserved. So,
in a first instance, we ask that δW1 = 0 is satisfied by equating each line of (2.8) above to
zero independently. Either multiplying from the left the second line by γ2 or the third line
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from the right by γ1 brings to the same condition between Poicare´ and conformal parameters,
namely that
θ¯PJα = |y˙|(γ1γ2)βαMPI η¯IJβ = i|y˙|(γ3)βαMPI η¯IJβ (2.9)
Moreover, whenever φ 6= 0 the last line of (2.8) must vanish independently. To this purpose it
is convenient to project onto the eigenstates of definite chirality with respect to the tangent
direction to the loop η¯± = P±η¯, using the projectors P± = 12(I ± x˙
µγµ
|x˙| ). Expanding in
components and availing on the condition (2.4), it is easy to see when the last line of (2.8)
vanishes for any value of the latitude angle φ, indeed the latter can be written as[(
±Iβα + (X˙µγµ)βα
)
δPI + δ
β
α
(
MPI ∓ δPI
)]
(γ3)
γ
β η¯
IJ
γ sinφ (2.10)
where Xµ = {cos τ, sin τ, 0} is the circle with unitary radius. The first summand above then
is simply proportional to
∓ (P±)βα (γ3)γβ η¯IJγ (2.11)
Since the projectors mix the upper and lower components of η¯, if we look for a solution of
this kind, the former cannot be independent of each other, otherwise (2.10) would lead to
inconsistencies. Thus we parametrise η¯2 = zη¯1, in such a way that the eigenvalue equation
for η reads
P±γ3
(
1
z
)
η¯ =
1
2
(
1± i z e−iτ
±ieiτ − z
)
η¯ =
(
1
−z
)
η¯ (2.12)
which is solved by z = 0,∞,±ieiτ , and for some complex number η that accounts for a suitable
normalisation. The solution z = 0, as well as z = ∞, gives a vanishing η¯ = 0; the two more
solutions respectively give eigenspinors with 0 and 1 eigenvalues. Hence the constraint above
is solved by
M IJ = δ
I
J (η¯
IJ
± )α =
(
1
e−i(τ±
pi
2
)
)
nIJ η¯ (2.13)
where the plus/minus signs hold respectively for positive/negative chirality of η¯IJα . Moreover
the R−symmetric structure completely factors out and can be encoded in the tensor nIJ .
Substituting (2.9) into the first line of δW1 and asking that it too vanishes on its own we find
|y˙|2MPIM IL η¯LJα = cos2 φ η¯PJ (2.14)
which luckily is compatible with (2.13) and, not really surprisingly, is independent of the
latitude angle at which l lies. Notice however that the chiral decomposition also implies
θ¯PJ± = ±i|x˙|MPI η¯IJ± (2.15)
so ϑ¯ is also chiral, as a matter of fact considering the projector operator along the loop yields
to
– 6 –
12
(
I+ X˙ · γ
)
θ¯− = 0
1
2
(
I+ X˙ · γ
)
η¯− = 0
1
2
(
I− X˙ · γ
)
θ¯+ = 0
1
2
(
I− X˙ · γ
)
η¯+ = 0
(2.16)
or otherwise stated θ¯+, η¯+ are chiral, whereas θ¯−, η¯− are anti-chiral. Alternatively, which is
perhaps the most transparent way for counting Killing spinors, we can rearrange terms in
(2.8) and consider the new (equivalent) constraints on superconformal spinors
[
(γ1)
γ
αη¯
IJ
γ M
P
I |x˙|+ (γ2)γαθ¯IJγ δPI + (γ2)βα(γ3)γβ η¯IJγ δPI sinφ
]
cosφ cos τ = 0[
(γ2)
γ
αη¯
IJ
γ M
P
I |x˙| − (γ1)γαθ¯IJγ δPI − (γ1)βα(γ3)γβ η¯IJγ δPI sinφ
]
cosφ sin τ = 0
(2.17)
Multiplying the first by γ2 from the left we obtain a deformation of (2.9) by a term that
vanishes on the equator of S2
θ¯PJα = i(γ3)
β
α
(|x˙|MPI + iδPI sinφ) η¯IJβ (2.18)
Inserting it in what is left of the variation, namely
δW1 ∼|x˙|MPI θ¯IJα − (γ1γ2)γα η¯IJγ δPI cos2 φ+MPI |x˙|(γ3)γαη¯IJγ sinφ
=|x˙|2MPIM IL η¯LJα − η¯PJ cos2 φ
(2.19)
we obtain again (2.14), but without any condition onto the plus and minus components of the
superconformal spinors, opposed to the previous case. There is also a third way to rearrange
the contributions to δW1, which gives again the same result as above. The second contribution
to the last line of (2.6) and proportional to θ can be worked out along the same line. Note
that there is no supersymmetry for |x˙| 6= |y˙ because in the last line of (2.8) we cannot define
any projector onto chiral states.
2.2 Determining the Killing spinors
We would like to provide explicit solutions to the set of equations (2.9-2.18) constraining
the scalar coupling and Killing spinors. We first notice that when the contour l lies at
the equator of the two-sphere, meaning that φ = 0, the two sets of constraints found above
become equivalent, as the condition upon the two components of the superconformal spinors
disappears. We then recover the set of constraints found in [24]
|y˙|2M2 = I and |y˙|2MKP M IQ η¯QJα IJKL = −η¯IJIJPL (2.20)
These are easily solved by breaking the (still untouched) SU(4)R symmetry to SU(2)×SU(2)
and considering 2×2 sub-blocks of M , namely by letting I, J = 1, 2 and K,L = 3, 4. This way
it is easy to see that choice of M = diag(1, 1,−1,−1) preserves the spinors ϑ¯12 and ϑ¯34. In
this case, according to (2.9), the conserved Poincare´-conformal spinors have the simple form
ϑ¯12α =
[
(x · γ)βα + i(γ3)βα
]
η¯12β ϑ¯
34
α =
[
(x · γ)βα − i(γ3)βα
]
η¯34β (2.21)
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and η¯ fulfills the requirement (2.13). This holds for both chiralities, hence these are two out
of twelve bi-spinors, six θ¯’s and six η¯’s, and the operator is hence 1/6 BPS, as it is known.
It is not hard to generalise this to the more general case where φ 6= 0. Let us focus on
the simpler case where M is still diagonal. For general values of the latitude angle there
is, in addition to the principal constraints, a further equation for η¯ and M (2.18) and the
requirement that ϑ¯ is a Killing spinor. To find a solution for the first set of constraints we
choose M11 = M
2
2 = |y˙|−1 cosφ = 1. Hence the constraints in (2.14) and (2.18) are fulfilled for
some η¯12 such that
η¯12α ∼
(
η¯
e−i(τ+
pi
2
)η¯
)
(2.22)
with the appropriate normalization factor being 1/(2ηη¯). The equation for ϑ is solved for
M33 = M
4
4 = −1 and η34+ = ei(τ±
pi
2
) η34−. Hence the loop operator coupled to a latitude at an
angle φ and with the scalar couplings
M = diag(1, 1,−1,−1) (2.23)
borrowed from the infinite Wilson line is annihilated by superconformal transformations
parametrised by
ϑ¯12+ = [(x · γ) + i|x˙|(γ3)] η¯12+ =
[
|x˙|(X · γ) + iγ3 e−iφ
]
η¯12+ (2.24)
and analogously
ϑ¯34− =
[
|x˙|(X · γ)− iγ3 e+iφ
]
η¯34− (2.25)
with η¯12, η¯34 given above and with chirality defined with respect to the projectors P± =
1± X˙ ·γ. Notice that in this case, opposed to the φ = 0 case, there is one additional condition
on Killing spinors that relates their two components. In other words the chiral decomposition
and following identification of the two components up to a contour dependent phase factor,
that in turn is needed to solve the additional (sinφ)-dependent constraint, chops half of the
degrees of freedom. This choice of parametrization of the superconformal transformations
then allows the loop to be invariant under a linear combination of 2 out of the 24 generators
of the full superconformal group. But the BPS character of this Wilson loop is actually larger.
To this end, note that allowing for the deformation in (2.18), the condition upon the plus and
minus components of the superconformal spinors disappears and the latter become genuine
two-component spinors. There is then a doubling of the supersymmetry preserved by the
operator with scalar coupling (2.23), that hence is 1/6 of the vacuum symmetry, and whose
generators are parametrised by
ϑ¯12α =
[
(x · γ)βα − i(γ3)βαeiφ
]
η¯12β ϑ¯
34
α =
[
(x · γ)βα + i(γ3)βαe−iφ
]
η¯34β (2.26)
We can explicitly check that ϑ¯12α , ϑ¯
34
α are genuine complex Killing spinors. Indeed on S
3 we
can consider usual SU(2) left-invariant vector fields ikµ, in terms of which the Killing equation
reads1
1The spin connection on S3 is ωij = ijki
k with normalisation ij ik = δ
j
k.
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∇µϑ¯ = (∂µ + 1
8
ijk[γ
i, γj ]ikµ)
[
(x · γ)± i(γ3)e±iφ
]
η¯
= γµ
(
I+
i
2
(x · γ)∓ 1
2
γ3e
±iφ
)
η¯
(2.27)
for any constant bi-spinor η¯ which is fixed only by normalisation.
2.3 Deforming to non-maximal arches in CP 3
Now we extend the previous results to operators that preserve locally an SU(2)×SU(2) subset
of the SU(4)R. In these settings, the most general solution to (2.14) is given by
(M11 )
2 +M12M
2
1 = 1
M11 +M
2
2 = 0
(2.28)
This results from asking that η¯12 only is preserved by the upper block. Analogous equations
hold for η34 in the lower block. This corresponds to rotating the scalar fields C2, C3 into each
other and then act with a local SO(4) rotation
R =

cos(θ1/2) e
iθ2 sin(θ1/2)
−e−iθ2 sin(θ1/2) cos(θ1/2) 0
0
cos(θ2/2) e
iθ2 sin(θ2/2)
−e−iθ2 sin(θ2/2) cos(θ2/2)
 (2.29)
Finally we get
M(θ1, θ2) =

cos θ1 e
iθ2 sin θ1
e−iθ2 sin θ1 − cos θ1 0
0
cos θ1 e
iθ2 sin θ1
e−iθ2 sin θ1 − cos θ1
 (2.30)
Such deformation of the scalar coupling was introduced in [27, 28] to study the generalised cusp
anomalous dimension of ABJ(M) theories. The key point now is to identify the phase θ2 with
the affine parameter along the loop contour τ . The matrix above can still be diagonalised to
(2.23) but the transformation involved is local in τ and will affect both the scalar kinematical
term and the Yukawa couplings in the ABJM action. Henceforth the expectation value of the
loop operator will differ from the one in [24, 25]. According to (2.5), the path in CP 3 reads
in projective coordinates
y˙I =
{
− sin θ1
2
e−i
τ
2 , cos
θ1
2
ei
τ
2 , sin
θ1
2
ei
τ
2 , − cos θ1
2
e−i
τ
2
}
(2.31)
This path corresponds to a circle lying at an angle θ1 on a S
2 fibrated over one of the maximal
circuses of CP 3. In the next section we will compute the v.e.v. of the Wilson loop at both
weak coupling, through a direct field theory computation, and at strong coupling through the
semiclassical dual stringy solution.
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3 The Wilson loop at weak and strong coupling
3.1 Two-loops at weak coupling
To make contact with previously known results in ABJM theory at loop order [24, 25], we
compute the expectation value of the latitude loop in the decompactification limit. It is
well established that, in Feynman gauge in d = 3− 2 dimensions, all one-loop contributions
vanish and at two loops there are only three relevant diagrams – the one-loop corrected Chern-
Simons propagator, the double scalar exchange and the Chern-Simons three vertex. These
can be categorized into the topological contribution, coming from CS fields only, and the
matter contribution relative to the exchange of matter fields at any loop order, thus including
corrections to the topological sector as well. In our case the matter sector contribution at
2-loop order is
〈
W
(2)
matter
〉
=
∫
x˙µ1 x˙
ν
2 〈Aµ(τ1)Aν(τ2)〉+
(
2pi
k
)2
|x˙1||x˙2|
〈
[M IJCIC¯
J ](τ1)[M
K
L CKC¯
L](τ2)
〉
=
∫ (
2pi
k
)2(N
2pi
)2{ x˙1 · x˙2 − 14TrM(τ1)M(τ2)
(x(τ1)− x(τ2))2
}
(3.1)
where the shorthand [M IJCIC¯
J ](τ1) is understood as the value of the composite operator
MCC¯ in x(τ1), being τ ’s the affine parameters on the latitude. Using the matrix of scalar
couplings (2.30) and idetifing the angular parameter θ2 with the affine coordinate we get
=
∫ 2pi
0
dτ1 dτ2
(
N
k
)2 cos(τ1 − τ2)− cos2 θ1 − sin2 θ1 cos(τ1 − τ2)
2[1− cos(τ1 − τ2)] = pi
2
(
N
k
)2
cos2 θ1 (3.2)
Comparing the result above with its counterpart in [11], we note that the two differ by a
rescaling of the ’t Hooft coupling constant λ→ cos2 θ1λ which is strongly reminiscent of what
happens in the four dimensional N = 4 SYM theory [24, 29, 30]. This fact originally led
to conjecture that such rescaling of the coupling constant would persist at strong coupling,
which was indeed later proved in [12] using localization. The present case is somewhat different
though. To get the full 2-loop contribution we must add the topological contribution of the
CS-three vertex
〈
W
(2)
top
〉
= −16pi2λ2 to the result above. The vev of the Wilson loop then
becomes
〈W (λ, θ)〉 = 1 + pi2λ2 cos2 θ1 − 1
6
pi2λ2 (3.3)
Building on this expression we conclude that an effective rescaling of the ’t Hooft coupling
at strong coupling, eventually, cannot follow the simple pattern of the four dimensional case.
It is indeed the fact that the N = 4 matrix model is captured by the sum of infinite ladder
diagrams that determines the exponentiation of the rescaling. As it was shown in [25], the
resummation of the composite gauge-scalar two-loop propagator would predict a strong cou-
pling behaviour of the form exp(cos θ1 λ) which is incompatible with the leading asymptotics
of the dual string solution 〈W 〉 ∼ exp√λ [11].
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On the other hand we are led to conjecture that a slight modification of that argument
should hold in the present case. To this end we consider ABJM theory in light cone gauge
A− = A0 − A1 = 0. Due to the anti-symmetry of the CS three-vertex, pure CS theory in
this gauge is a theory of free propagators [31, 32]. The one-loop corrected CS propagator
was computed in [33] and differs only by a total derivative from the Feynman gauge one. It
appears natural to separate the contribution of the matter and topological sectors
〈W (λ, θ)〉 = et(λ)+m(λ,θ) (3.4)
In such way the perturbative expansion can be expressed diagrammatically in a very conve-
nient and intuitive (at least at the first few orders) way
〈W (λ, θ)〉 =1 + λ
 +
+ 1
2
λ2
 +
2 + . . .
=1 + λ +
1
2
λ2 + . . .︸ ︷︷ ︸
t(λ)
+λ +
1
2
λ2
 +
+ . . .
︸ ︷︷ ︸
m(λ,θ)
(3.5)
Therefore the two functions t(λ) and m(λ, θ) are given respectively by the sum of CS tree
level propagators in the first case and matter propagators, corrected gauge and (effective)
Yukawa couplings in the second case. Notice that fermions will appear at higher orders even
though they do not couple directly to the contour 2. The factorisation in (3.4) is somewhat
similar to the proposal of [25], but in the present case the matter contribution does not
only include combined gauge-scalar two-loop propagators, but also interactions. At strong
coupling, m(λ, θ) is dominated by the exchange of the four-dimensional-like contributions in
(3.1). The contribution of SU(N) pure Chern-Simons theory is well known
〈Wtop(λ)〉 = e−piiλ sinpiλ
N sinpiλ/N
(3.6)
therefore at large λ and in the planar approximation the Wilson loop should be dominated by
log 〈W 〉 ∼ m(λ, θ1) ∼ f(cos θ1)
√
2λ (3.7)
with some function f . From the large λ asymptotics we deduce that the contribution of
composite gauge-scalar propagators does not dominate in that region. So we expect that
interaction diagrams arising from Yukawa couplings will dominate at strong coupling, and
these typically have more insertions of the loop coupling M IJ than of the coupling constant,
so the expected large λ rescaling has the form
f2(cos θ1) < cos θ1 (3.8)
We will see from the dual string computation of next section that this is indeed the case.
2This suggests that a reasoning along this line should be better defined in the superloop case.
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3.2 Fundamental string solution
To analyse the behaviour of the loop operator in the large ’t Hooft coupling region we exploit
the duality between the superconformal N = 6 ABJM theory in three dimensions and type
IIA superstring theory on AdS4 × CP 3. Namely, we compute the classical area of the open
string that ends on the contour xµ(τ) in (2.2) on the boundary of AdS4 and on y
I(τ) in (2.31)
inside CP 3. The supergravity background includes the metric, the dilaton field, 2-form and
4-form field strengths, but at classical level we only need the metric and the relation between
the AdS radius and the gauge theory ’t Hooft coupling in units of α′
R3
4k
= pi
√
2λ (3.9)
The radius of CP 3 is twice the radius of AdS4, so we use the convention
ds2 =
R3
4k
(
ds2AdS4 + 4ds
2
CP 3
)
(3.10)
The AdS4 metric in global coordinates reads
ds2AdS4 = − cosh2 ρdt2 + dρ2 + sinh2 ρ (dφ2 + sin2 φ dψ2) (3.11)
Also, it is convenient to adopt C4 projective coordinates to parametrise CP 3
z1 = cos
α
2
cos
β1
2
ei
ϕ1
2
+iχ
4
z2 = cos
α
2
sin
β1
2
e−i
ϕ1
2
+iχ
4
z3 = sin
α
2
cos
β2
2
ei
ϕ2
2
−iχ
4
z4 = sin
α
2
sin
β2
2
e−i
ϕ2
2
−iχ
4
(3.12)
The ranges of the angles are 0 ≤ α, β1,2 ≤ pi, 0 ≤ ϕ1,2 ≤ 2pi, 0 ≤ χ ≤ 4pi. These lead to the
usual Fubini-Study metric
4ds2CP 3 = dα
2 + cos2
α
2
(
dβ21 + sin
2 β1 dϕ
2
1
)
+ sin2
α
2
(
dβ22 + sin
2 β2 dϕ
2
2
)
+ sin2
α
2
cos2
α
2
(dχ+ cosβ1 dϕ1 − cosβ2 ϕ2)2 (3.13)
Let us introduce string worldsheet coordinates τ, σ parametrising respectively the compact
and non-compact directions. We use the following ansatz in AdS4 for the classical solution
ρ = ρ(σ) ψ(τ) = τ φ = φ(σ), φ(σ0) =
pi
2
− φ0 t = const. (3.14)
and in CP 3
β1 = β1(σ), β1(σ0) = θ0 ϕ1(τ) = τ α, ϕ2, β2, χ = 0 (3.15)
Here we denote with φ0, θ0 the two angles defining the couplings of the Wilson loop operator
to distinguish them from the ten dimensional coordinates. The area is regularised introducing
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the cutoff σmin that corresponds to cutting the hyperbolic radial coordinate at some ρmax.
Note that with this choice the y˙I(τ) in (2.31) become simply
y˙I = {−z2, z1, z2, −z1} (3.16)
We can now write down the action
S =
1
2pi
R3
4k
∫
dτ dσ
(
ρ′2 + (φ′2 + sin2 φ) sinh2 ρ+ β′21 + sin
2 β1
)
(3.17)
and the Virasoro constraints
ρ′2 − (sin2 φ− φ′2) sinh2 ρ = 0 β′21 − sin2 β1 = 0 (3.18)
from which we read the equations of motion
ρ′′ = sinh ρ cosh ρ (φ′2 + sin2 φ)
φ′′ = sinφ cosφ
α′′ = −2 sin α
2
cos
α
2
(3.19)
The first integrals of motion are easy to evaluate, we first integrate to find φ(σ)
sinφ(σ) =
1
cosh(σ0 ± σ) cosφ0 =
1
coshσ0
(3.20)
where the integration constant σ0 is fixed by boundary conditions. Then inserting the latter
into the integral for ρ(σ) we have
sinh ρ(σ) =
1
sin[
√
2(σ0 ± σ)]
(3.21)
with the boundary condition sinh ρmax = sin
−1 σmin. Analogously for the angular variable in
CP 3
sinβ1(σ) =
1
cosh(σ0 ± σ) cos θ0 = tanhσ0 (3.22)
Finally, identifying 2φ0 = θ0 as in the gauge theory, substituting into the action and integrating
with respect to the worldsheet variables we find
Scl =
1
2pi
R3
4k
∫ 2pi
0
∫ σmax
σmin
dτ dσ
[
1
sin2[
√
2(σ0 ± σ)]
+ 1
]
1
cosh2(σ0 ± σ)
∼ pi
√
2λ [cosh ρmax ± 1] cos θ0 + subleading
(3.23)
The first, divergent contribution cancels against a boundary term as usual, whereas the finite
part determines the large λ behaviour of the Wilson loop
〈W 〉 ∼ e±pi cos θ0
√
2λ (3.24)
Since evidently cos2 θ0 < cos θ in the whole interval 0 < θ0 < pi, this result is in agreement with
the prediction made in (3.8) that, due to interacting diagrams, the strong coupling rescaling
on λ is harder then what observed at weak coupling.
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4 An all-order expression for the Wilson loop at θ ∼ φ ∼ 0
We are interested in computing the quantum average
〈W (θ)〉 =
〈
TrP e
∮ {Aµx˙µ+ 2pik M(θ,τ)CC¯}dτ〉 (4.1)
with scalar couplings determined by the matrix (2.30). We propose that the latter equals the
expectation value of the Wilson loop with winding number n = cos θ in the matrix model
obtained by localising the theory on S3 [20]
〈W (θ)〉 =
∫
dµρ(µ)ecos θ µ (4.2)
being ρ(µ) the density of eigenvalues. This proposal is motivated by the fact that it is possible
to put the scalar couplings given by M(θ) in diagonal form acting with an affine transforma-
tions on scalar fields. It can be seen that this transformation does not affect nor the kinetic
term of scalars, neither the equations of motion of the auxiliary scalar field of the vector
multiplet used in [20] to localize the Wilson loop (see appendix). On this side of course a
more rigorous computation would be needed, in particular concerning the fate of the one-loop
determinants under this transformation. Equation (4.2) is a complex integral over a contour
embracing the two cuts located on the intervals C1 = [−A,A] and C2 = [−B+ ipi,B+ ipi]. The
endpoints of the two cuts are defined through [21]
a = logA b = logB α = a+
1
a
β = b+
1
b
(4.3)
and the mirror map
a(k) =
1
2
(
2 + iκ+
√
κ(4i− κ)
)
b(k) =
1
2
(
2− iκ+
√
−κ(4i + κ)
) (4.4)
The mirror map also determines the ’t Hooft coupling in terms of its mirror κ
λ(κ) =
κ
8pi
3F2
(
1
2
,
1
2
,
1
2
; 1,
3
2
;−κ
2
16
)
(4.5)
In what follows we will check expression (C.13) at weak coupling against the gauge theory
computation of Section 3.1 and at strong coupling against the classical string solution derived
in Section 3.2.
4.1 Weak coupling expansion
The density of eigenvalues for the ABJ matrix model was computed in [21] availing on the
relation between the analytical continuation of the matrix model derived in [20] and the
Chern-Simons matrix model on the lens space L(2, 1), see Appendix C. Changing integration
variable to x = eµ, it is then possible to write (C.13) explicitly as
〈W (θ)〉 = 1
2ipi2λ(κ)
∫ a
1/a
dxxcos θ−1 tan−1
[√
αx− 1− x2√
βx+ 1 + x2
]
(4.6)
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For θ = 0, the derivative of this integral w.r.t. the mirror coupling κ can be done exactly in
terms of elliptic integrals [21]
∂
∂(iκ)
∫ a
1/a
dx tan−1
[√
αx− 1− x2√
βx+ 1 + x2
]
=
1
2
∫ a
1/a
x dx√
(αx− 1− x2)(βx+ 1 + x2)
=− 1√
ab(1 + ab)
(aK(m)− (a+ b)Π(n|m))
(4.7)
where the modulus and parameter are
m2 =
(a2 − 1)(b2 − 1)
(1 + ab)2
n =
b
a
a2 − 1
1 + ab
(4.8)
In the present case we cannot integrate the r.h.s. of the first line of (4.7) exactly, but we can
expand at small θ and get
xcos θ = x− θ
2
2
x log x+O(θ4) (4.9)
The first term generates the same integral as above, while the second term can be first ex-
panded in small κ then integrated in x and again integrated in κ to get the contribution to
(4.6)
θ2
8pi2iλ
∫
dκ
∫ a
1/a
x log x dx√
(αx− 1− x2)(βx+ 1 + x2) = ipiθ
2λ+
1
2
ipi3θ2λ3 − 7
36
ipi5θ2λ5 +O(λ7)
(4.10)
Here we have used the inverse of the mirror map (4.5) to express the Wilson loop as a function
of the ’t Hooft coupling. There is no formal obstruction to carry this procedure forward to
arbitrary loop order. The contribution of (4.10) must be added to the term coming from the
zero-framing integral (4.7). Consider that the framing factor of a loop with winding number
n is actually n2, so the expectation value of (4.1) for λ 1 reads
〈W (λ, θ)〉 = eipi(1−θ2)λ
(
1 + (1− θ2)pi2λ2 − 1
6
pi2λ2 − i5
9
(
1− 3
2
θ2
)
pi3λ3 +
i
18
pi3λ3
− 1
12
(1− 2θ2)pi4λ4 − 19
120
pi4λ4 − i 29
450
(
1− 5
2
θ2
)
pi5λ5 − i133
900
pi5λ5 +O(λ6)
)
(4.11)
where we have gathered powers of cosn θ ∼ 1 − nθ22 at order λn. We note that at up to
two-loop order this result is in precise agreement with the gauge theoretic computation (3.3).
Moreover, one can separate in (4.11) above the pure Chern-Simons contribution and the
matter contribution, or otherwise stated, the perturbative expansions of the functions t(λ)
and m(λ, θ) in (3.4) at zero framing
〈W (λ, θ)〉 = eipi(1−θ2)λ exp
(
(1− θ2)pi2λ2 − i1
2
(
1− 5
6
θ2
)
pi3λ3 − 1
12
(7− 12θ2)pi4λ4
)
×
(
1− 1
6
pi2λ2 +
1
120
pi4λ4
)
+O(λ5)
(4.12)
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The second factor is evidently the perturbative expansion of pure Chern-Simons theory at
framing zero. The expression above is in agreement with the factorisation property outlined
in (3.4), though one would need higher order results from the genuine gauge theory to ac-
tually prove exponentiation of the matter contribution. We would like to stress that indeed
exponentiation is not needed in our current treatment, but it would certainly be interesting
to investigate this point further.
4.2 Strong Coupling expansion
The expectation value of a Wilson loop with arbitrary winding number n was computed in
[23] using the Fermi gas approach to the ABJM matrix model [22] and can be written in a
compact form in terms of Airy functions. In the strongly coupled region the 12 BPS operator
admits the expansion (at genus zero)〈
W (1/6)n
〉
∼ 1
n
epin
√
2λ +O(λ0) (4.13)
On the other hand it is straightforward to extract the large λ asymptotics directly from the
integral (4.6) after having set the two ’t Hooft coupling equal to each other. For λ→∞ the
mirror map reads
λ(k) =
1
2pi2
log2 k +
1
24
+O(K−1) (4.14)
then one can expand the integral for k →∞ and integrate. At the first subleading order in λ
the result is
〈W (θ)〉 = c1
cos θ
epi cos θ
√
2λ
[
1 + (cos θ − 1)e−pi
√
2λ
]
−
c2
(
1 + cos θe−pi
√
2λ
)
cos θ(cos θ + 1)
epi(cos θ−1)
√
2λ − c1(cos θ − 1)
cos θ
e−pi cos θ
√
2λ (4.15)
being
c1 = coth(1) c2 =
e4(cos θ + 1)− 8e2(2 cos θ + 3)− (cos θ + 1)
(e2 − 1)2
The asymptotic behaviour at λ >> 1 of the loop operator with winding number cos θ reproduces
quite well the semiclassical string computation (3.24). Also, it is in agreement with an analytic
continuation of the result of [22] at non-integer winding number. This supports our conjecture
that the expectation value of Wilson loop (4.1) at any value of the coupling constant λ is
given, at least at small values of the parameter θ, by the analytically continued result of [22]
at winding number cos θ and genus zero.
5 Γcusp(λ, φ, θ) and the function h(λ)
It was recently proposed in [8] to extract information about the all-order in λ, small φ and θ,
cusp anomalous dimension Γ(λ, φ, θ) in four dimensional N = 4 SYM by relating the latter
to the logarithmic derivative of the Wilson loop. In this section we proceed along the same
line of [8]. In a conformal theory, the Euclidean cusp anomalous dimension is related to
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the static potential between a couple of W -boson and anti-boson [34]. Because there are no
quarks in this theory, i.e. no fields in the fundamental representation of the gauge group,
W -bosons are obtained by higgsing the gauge group, which in turn is done by detaching a
D-brane and taking it very far away from the other. Massive W ’s that emerge from this
procedure then reproduce the trajectories of quarks and anti-quarks, from which reason the
potential can be thought of as the supersymmetric analog of the quark-anti-quark potential.
In the case of ABJ(M) theory, W -bosons are 12 BPS particles obtained by suitably Higgsing
U(N + 1) × U(M + 1) → U(N) × U(M) [35]. Note that although they naturally couple to
the superconnection of [26], localization establishes a remarkably simple relation between the
1
2 and
1
6 BPS operators (C.9).
5.1 Extracting the cusp anomalous dimension
The generalised Euclidean cusp anomalous dimension at φ ∼ 0 can be seen as coming from a
conformal mapping of the WW static potential
Γ(λ, θ, φ = 0) = log
〈
WWW (λ, θ)
〉
(5.1)
where
〈
WWW (λ, θ)
〉
=
〈
e
∫∞
−∞ iAµdx
µ+ 2pi
k
M(0)CC¯|dx|+∫−∞∞ iAµdxµ+ 2pik M(θ)CC¯|dx|〉 (5.2)
accounts for the interaction of a boson-anti-boson pair sitting at opposite sites in S2 ×R and
with an internal angle differing by θ. Here, the scalar coupling M(θ) are the ones obtained in
(2.30). At first non-trivial order in θ we have
〈
WWW (λ, θ)
〉
=1 +
1
2
(
2pi
k
)2 ∫ ∫
ds dtTr[M(0)−M(θ)]2 〈[CC¯](s)[CC¯](t)〉
=1 + 2θ2
(
2pi
k
)2 N2Γ(1/2− )2(
4pi
3
2
−
)2 ∫ ∫ ds dt 1(s− t)2−4 (5.3)
where we have used the dimensionally regularised scalar propagator in d = 3− 2 dimensions.
Cutting of the integral at very large length ±L/2, (5.3) above becomes
〈
WWW (λ, θ)
〉
= 1 +
θ2
2
N2
k2
L4
4
+O() (5.4)
On the other hand it was observed that the three dimensional cusp anomalous dimension is
a BPS operator for |φ| = |θ| at both strong [27] and weak coupling [28], resembling in this
its four-dimensional counterpart 3. From the BPS character of Γ(λ, φ, θ) it follows that at
φ ∼ θ ∼ 0 the cusp anomalous dimension itself must satisfy
Γ(λ, φ, θ) = (θ2 − φ2)B(λ) (5.5)
in this case being
3Interestingly enough it was noted there that both the purely bosonic and the ”super” operators are BPS
for |φ| = |θ|.
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B(λ) =
1
2
λ2 +O(λ4) (5.6)
The function B is related to the bremsstrahlung of soft gauge fields from heavy W bosons
undergoing a sudden change in direction by an angle φ. This function was successfully deter-
mined in [8] at all orders in the ’t Hooft coupling constant and matched with computations
from integrability techniques [10] and Bethe-Salpeter resummation of the perturbative series
[5]. Now, let us consider the small θ expansion of the difference
〈W (θ)〉 − 〈W (0)〉
〈W (0)〉 =
〈
TrP e
∮ {Aµx˙µ+ 2pik M(0)CC¯|x˙|}dτ [TrP e− ∮ 2pik θ22 M(0)CC¯|x˙|}dτ − 1]〉〈
TrP e
∮ {Aµx˙µ+ 2pik M(0)CC¯|x˙|}dτ〉 (5.7)
It is related to the integral of two-point function of the composite scalar field [MCC¯](τ) along
the loop
=− 2θ2
(
2pi
k
)2 N2Γ(1/2− )2(
4pi
3
2
−
)2 ∫ 2pi
0
dτ1
∫ 2pi
τ1
dτ2
1
[2(1− cos(τ1 − τ2))]1−2
=− θ2
(
2pi
k
)2 N2Γ(1/2− )2(
4pi
3
2
−
)2 ∫ 2pi
0
dτ1
∫ 2pi
0
dτ2
1
[2(1− cos(τ1 − τ2))]1−2
(5.8)
In the last line we have used the symmetries of the integrand to symmetrise the domain of
integration. One can now conformally map the integral in the last line above to the integral
in (5.3) by means of
1
2(1− cosx) →
1
x2
(5.9)
and conclude
= −θ
2
4
pi2λ2
L4
4
+O() (5.10)
On the other hand expanding (3.4) for small θ one has the simple relation
W (λ(1− θ2)) ∼W (λ)− θ2 λW (λ) ∂
∂λ
(t(λ) +m(λ, 0)) (5.11)
We claim that this relation holds non-perturbatively in the ’t Hooft coupling λ, supported by
the results of sections 3.2, 4.1 and 4.2 for the non-perturbative form of our Wilson loop. It
then follows that the Bremsstrahlung function is given by
B(λ) ∼ λ ∂
∂λ
log 〈W (0)〉 − λ ∂
∂λ
log 〈WCS〉 (5.12)
where WCS is the Wilson loop in pure Chern-Simons theory. The expectation value of the
1
6
BPS Wilson loop winding the equator of S3 n times, with n ∈ N, was computed exactly in
[23] in terms of Airy functions. The standard loop operator W (θ = 0) corresponds n = 1.
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Using the localization results of [23] we can now compute the B(λ) functions relative to both
the 16 and the
1
2 BPS Wilson loops. In the first case the logarithmic derivative reads
N∂N log
〈
W (1/6)
〉
=
1− piN
k
cotpi
N
k
+Nc
[
c2(ζ − σ)A1(k)Ai(c(ζ − σ))−A2(k)Ai′(c(ζ − σ))
cA1(k)Ai′(c(ζ − σ))−A2(k)Ai(c(ζ − σ)) −
Ai′(cζ)
Ai(cζ)
]
(5.13)
where
A1(k) =
i
2pik
csc
2pi
k
A2(k) =
2pi
k
csc
2pi
k
[(
k
2
− pi cot 2pi
k
)
i
2pi2
+
k
8pi
]
c =
(
pi2
2
k
) 1
3
ζ = N − k
24
− 1
3k
ξ =
6n
3k
(5.14)
Note that the first term is the contribution of pure Chern-Simons theory discussed in the
Appendix (B) in equation (B.5) and following. In principle this result encodes all 1/N cor-
rections to the B function, but we don’t expect that the equality holds beyond the ’t Hooft
limit. We can expand this result at arbitrary order in perturbation theory, we report the first
few orders
B(1/6)(λ) = 2pi2λ2 − 3
2
ipi3λ3 − 7pi
4λ4
3
+
5
2
ipi5λ5 +
241pi6λ6
60
− 357
80
ipi7λ7 − 18817pi
8λ8
2520
+O (λ9)
(5.15)
where the framing contribution has been taken apart. It is also straightforward to expand at
large ’t Hooft coupling
B(1/6)(λ) = pi
√
λ
2
+
3
2
− 2
pi
+
(
i
8
+
1
4pi
+
pi
96
)
1√
2λ
+O(λ−1) (5.16)
The result for the 12 BPS operator is more transparent
B(1/2)(λ) = N c
[
Ai′(c(ζ − ξ))
Ai(c(ζ − ξ)) −
Ai′(cζ)
Ai(cζ)
]
− piλ cotpiλ+ 1 (5.17)
Again, one can expand B(λ) at high order for the singly-winding Wilson loop and strip the
framing factor off, very carefully
λ 1 B(1/2)(λ) = pi2λ2 − 2
3
pi4λ4 +
17
15
pi6λ6 − 5597
2520
pi8λ8 +
481003
45360
pi10λ10 +O(λ12)
λ >> 1 B(1/2)(λ) =
pi
2
√
2λ+ 1− 2
pi
+
pi
48
√
2λ
+O(λ−1)
(5.18)
The associated asymptotics for the cusp anomalous dimension agree at leading order with
[27, 28] in both the weak and strong coupling regions and extend them in the non-perturbative
region. The evaluation of the leading term in the strong coupling expansion is somewhat tricky.
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This term is actually 1− piλ cotpiλ and comes from the derivative acting on the Wilson loop
(3.6) of pure Chern-Simons theory in (5.12). It is known long since that the Chern-Simons
level k receives a one-loop correction that sets it to k + N (being N the rank of the group),
and that this renormalization is non-perturbatively exact. For pure SU(N) Chern-Simons
theory the v.e.v. of Wilson loop is exactly known [36]. In the large λ limit this function is
perfectly well defined and one has (B)
λ∂λ log 〈Wpure CS〉 = −1 +O(1/λ) (5.19)
On the other hand, although we can reorganise the perturbative expansion of ABJM theory
in such a way to factorise the Chern-Simons contribution, in this case the level k is protected
by supersymmetry. The non-renormalised Chern-Simons Wilson loop (3.6) displays an ill
behaviour at strong coupling oscillating infinitely fast between ±∞. The best interpretation
of this oscillatory behaviour that we were able to figure is to estimate its average value on a
suitably wide interval, which turns out to be, for sufficiently large λ (see Appendix B)
λ∂λ log 〈WCS〉 = −1 + 2
pi
+O(1/λ) (5.20)
5.2 Bremsstrahlung and the magnon dispersion relation
Superconformal Chern-Simons theory was first shown to be integrable at two-loop order in
the SU(4) sector in [37, 38]. In [39, 40] the AdS4 × CP 3 sigma model was also shown to
be integrable. The construction of the associated algebraic curve followed [41] and a set of
asymptotic Bethe equations interpolating from the latter result at strong coupling and two-
loop Bethe ansatz of [37] was proposed in [17]. But from the investigation of the integrability
properties of the AdS4/CFT3 correspondence a puzzling question emerges. Indeed, given Qn
the set of all conserved charges, the spectrum of string’s energies can be read from
E = h(λ)Q2 (5.21)
The charges Qn are in turn given in term of the Bethe roots. The function h(λ) was first
introduced in [13–15] and it enters the dispersion relation of a single magnon moving on the
spin chain with momentum p and R−charge Q [16]
E(p) =
√
Q2 + 4h2(λ) sin2
p
2
−Q (5.22)
The common belief that h2(λ) = λ/(4pi2) in AdS5/CFT4 is consistent with results coming
from both sides of the correspondence. On the other hand, in the context of AdS4/CFT3,
this function is only known to interpolate between h2(λ) = λ2 − 4ζR(2)λ4 +O(λ6) for λ 1
[42] and h(λ) =
√
λ/2 + c1 + O(1/
√
λ) for λ >> 1 [13, 14, 19]. Here ζR is the Riemann
Zeta function. In a first instance it was proposed in [17] to assign to c1 the value zero for
consistency of the TBA equations in the BMN limit. But this assumption actually disagreed
with the computation of the energy of a closed spinning string in AdS [18]. Let us recall that,
in AdS5 × S5, the relation between the energy E and AdS spin S of a closed spinning string
that also carries S5 angular momentum J reads [43, 44]
EAdS5 − S =
1
pi
(√
λ− 3 log 2
)
log
S
J
(5.23)
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in the limit where J  S. For twist-two operators, this relation actually defines the cusp
anomalous dimension
∆− S = Γ(λ) logS for S →∞ and φ
2
2
Γ(λ) = lim
φ→i∞
Γ(λ, φ, 0) (5.24)
As a solution to the h(λ) puzzle, it was proposed in [19] that one should be able to map
results obtained in AdS5 × S5 into the corresponding ones in AdS3 × CP 3 by means of the
substitution
√
λSYM
4pi
→ h(λABJM) =
√
λABJM
2
− log 2
2pi
(5.25)
In such a way the TBA equations correctly reproduce the BMN limit and the AdS5 results of
[43, 44] are precisely mapped into their AdS4 counterparts [18, 45, 46]; in particular
EAdS4 − S =
(
2h(λ)− 3 log 2
2pi
)
log
S
J
=
(√
2λ− 5 log 2
2pi
)
log
S
J
(5.26)
Now we would like to compare the results obtained for the bremsstrahlung function B(λ),
that is related to the expansion of Γcusp(λ, φ, θ) near φ ∼ θ ∼ 0, to the function h(λ), that in
turn is related to the expansion Γcusp(λ, φ, θ) in the limit φ, θ → i∞. Quite interestingly we
note that at the second non-trivial order at weak coupling
B(λ) = pi2(λ2 − 4λ4ζR(2)) = pi2h2(λ) (5.27)
On the other hand at strong coupling the h function behaves as
h(λ) =
√
λ
2
− log 2
2pi
+O
(
1√
λ
)
(5.28)
reason for which at leading order for λ >> 1 we still have
B(λ) ∼ pi h(λ) (5.29)
The coefficients of the λ0 terms differ in the two cases, though it appears that the two functions
B and h are intimately related, even though they are related to the expansion of the cusp
anomalous dimension in opposite kinematic regimes.
Comments
We have constructed a new category of supersymmetric and purely bosonic Wilson loops for
ABJM theory on S3. These operators couple the scalar fields to a latitude on S2 ∈ CP 3 at
an angle θ and seem to be the three-dimensional analogue of the operators studied in [11].
We argue that this operator corresponds in the theory localized on S3 to the loop with wind-
ing number cos θ. We do not present a derivation of the localized form of the Wilson loop
here, though we provide highly non-trivial checks at weak and strong coupling against a gen-
uine field theoretic 2-loop computation and AdS/CFT duality with type IIA superstrings on
AdS4 ×CP 3. In our case, these operators preserve 16 of the N = 6 superconformal symmetry
of ABJM theory, which is the least amount of supersymmetry on Euclidean S3. It would be
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particularly interesting to generalise the construction of Section 2 to super Wilson loops and
introduce the couplings of fermionic fields along the lines of [47]. We suspect that in this way
one should find the 13 BPS operators that are still missing in the ABJM zoo.
Using the ABJM matrix model obtained in [20] through supersymmetric localization, and
the subsequent exact solution of [22], one can easily compute the expectation value of our
operator at strong coupling and match the exact result in the limit θ → 0. Availing on this
result we were able to establish a connection between the cusp anomalous dimension and the
logarithmic derivative of the Wilson loop. Quite interesting the relation differs from its four-
dimensional analogue [8] by an additional contribution of pure Chern-Simons theory. This
contribution is in turn necessary to take into account the insensitivity of the CS field on the
latitude angle θ. This relation, which is perturbative in θ ∼ 0, defines non-perturbatively in
the coupling constant the bremsstrahlung function B(λ) of W -bosons in three dimensions.
Further, it is known that the definition of the cusp anomalous dimension as the anomalous
dimension of twist-two operators in the large spin limit creates a link between the expansion
of Γ(λ, φ, θ) at small angles
Γ(λ, φ, θ) ∼ (φ2 − θ2)B(λ)
and the analytic continuation to Minkowski space
Γ(λ, φ, θ) ∼ φ
2
2
Γcusp(λ)
From the string point of view Γcusp is known [18, 19, 46] and it is believed to be
∼ h(λ)− 3 log 2
2
were h(λ) is the same function that enters into the TBA equations of [17] and in the magnon
dispersion relation [13–15]. By comparing our result for B(λ) and the known expansions of
h(λ) at weak and strong coupling we find a good agreement. Namely, the two-loop result of
[18, 19, 46] is correctly matched as well as the leading strong coupling behaviour.
Though, we cannot reproduce the constant coefficient that appears in the strong coupling
expansion of h(λ). Nonetheless the numerical value of our estimate is suspiciously close to
the result of [18, 19, 46]. We suppose that this fact can be due to the roughness of our
estimate and to the heavy assumptions that we have to take in order to treat the Chern-
Simons contribution. In facts, the latter is singular whenever the coupling constant takes
values λ = npi for any integer n. In this sense the point λ = ∞ is somewhat special - it is
the accumulation point of infinitely many singularities. From our conjecture it seems that the
string theory in this regime actually senses the mean value of Γcusp, obtained by averaging
out these infinitely dense singularities. It would be of great interest to give a precise meaning
to this last statement; but it might also be the case that B and h are different functions, since
they appear in the expansion of the cusp anomaly in opposite kinematical regimes.
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A Conventions
We work in Euclidean signature where the rotated-time is in the third direction. As a basis
for Gamma matrices we use the ordinary Pauli matrices
(γµ) βα = {σ1, σ2, σ3} (A.1)
with
σ1 =
(
0 1
1 0
)
σ2 =
(
0 −i
i 0
)
σ3 =
(
1 0
0 −1
)
(A.2)
Spinor indices are risen and lowered with the antisymmetric tensor αβ using the convention
12 = −12 = 1. This implies
ψαξα = ξ
αψα ψ
α(γµ)
β
α ξβ = −ξα(γµ) βα ψβ (γµ)αβ = {−σ3, iI, −iσ1} (γµ)αβ = −(γµ) βα
(A.3)
Supersymmetry transformations δQ = θ
α
IJQ¯
IJ
α are parametrised by R−antisymmetric spinors
θIJ = −θJI θIJ = 1
2
IJKLθ¯
KL (θIJ)
∗ = θ¯IJ (A.4)
and read
δAµ =
4pii
k
(
θαIJ(γµ)
β
α ψ¯
I
βC¯
J + CJψ
α
I (γµ)
β
α θ¯
IJ
β
)
δCI = 2θ
α
IJ ψ¯
J
α
δC¯I = 2ψαJ θ¯
IJ
α
(A.5)
Analogous equations hold for conformal transformations parametrised by δS = η
α
IJ S¯
IJ
α . The
superconformal killing spinors have the form ϑ¯IJα = θ¯
IJ
α + (x · γ) βα η¯IJβ . Note that rising the
spinor index will produce a flip in the sign of ϑ¯αIJ = θ¯
α
IJ − η¯βIJ(x · γ) αβ .
B Chern-Simons contribution at strong coupling
The expectation value of the SU(N) Chern-Simons Wilson loop was computed exactly in [36]
〈Wpure CS〉 = e
ipi
k+N
N2−1
N
N
e
ipiN
k+N − e− ipiNk+N
e
ipi
k+N − e− ipik+N
(B.1)
Here the CS level k appears shifted by the rank of the gauge group N , this is a well known
one-loop renormalization of the coupling constant which is exact at higher loop orders. Acting
with (5.12) one has
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λ
∂
∂λ
log 〈Wpure CS〉 = N ∂
∂N
log 〈Wpure CS〉 =
−(k +N)2 +Npi
(
cot
(
pi
k+N
)
+ k cot
(
Npi
k+N
))
(k +N)2
(B.2)
by means of which the strong ’t Hooft coupling expansion simply reads
λ∂λ log 〈Wpure CS〉 = −1 +O(1/λ) (B.3)
The situation is quite different when k cannot receive any loop correction because of super-
symmetry. In this case the Wilson loop becomes
〈W 〉 = e
−ipiλ
N
sinpiλ
sin pik
(B.4)
Naively this function behaves as 1λ at large λ, so should its logarithmic derivative. On the
other hand (B.4) has an infinite number of zeros accumulating at λ = ∞ which make the
logarithmic derivative extremely ill-behaved
λ
∂
∂λ
log 〈W 〉 = −1 + piλ cotpiλ+O(1/λ) (B.5)
The ill contribution piλ cotpiλ has an infinite number of poles accumulating at λ = ∞. We
want to estimate the average of this term over a sufficiently large interval in the strongly
coupled region. To this aim we consider the integral
I = lim
L→∞
1
L
∫ 2L
L
dx ex cotx = lim
L→∞
1
L
∑
n
exn cotxn (B.6)
In the interval [L, 2L] it has Lpi poles located at xn = npi. For x approaching xn from the left
the function behaves as
I = lim
→0
(xn − ) cot(xn − ) = (npi − )
(
−1

+

3
)
+O(2) (B.7)
Then we can write the sum as
I = lim
→0
lim
L→∞
1
L
[2L/pi]∑
n=[Lpi]
[
(npi − )
(
−1

+

3
)
+ (npi + )
(
+
1

− 
3
)]
= lim
→0
2
pi
(
1− 
2
3
)
(B.8)
where [L/pi] means the integer part. We are then lead to conclude that the strong coupling
average of (B.5) is finite and reads〈
λ
∂
∂λ
log 〈W 〉
〉
= −1 + 2
pi
(B.9)
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C Matrix model results for the ABJM Wilson loop
The Wilson loop in SU(N1) × SU(N2) superconformal Chern-Simons theories coupled to
matter on S3 has been localized to a matrix integral in [20] using the procedure introduced
in [9] for four-dimensional SYM theories on S4 with 2 and 4 supersymmetries. The partition
function is computed by an integral with a still quadratic potential, but with a highly non-
trivial measure, opposed to the N = 4 four-dimensional case where the integral is Gaussian
and explicitly solvable. As it was shown in [20], the vacuum expectation value of the 16BPS
Wilson loop of [24] in a representation R of either SU(N1) at level k or SU(N2) at level −k
is computed by the quantum average〈
W
1/6
R
〉
=
1
dimR 〈TrRe
µi〉ABJM (C.1)
with respect to
ZABJM (N1, N2, g) =
∫ N1∏
i=1
dµi
N2∏
j=1
dνj
∏
i<j sinh
2
(
µi−µj
2
)
sinh2
(
νi−νj
2
)
∏
i,j cosh
2
(
µi−νj
2
) e− 12g [∑i µ2i−∑j ν2j ]
(C.2)
It should be emphasised that in the N = 2 language, the natural supersymmetric Wilson loop
couples to the auxiliary scalar σ of the vector multiplet as
〈WR〉 =
〈
TrR P e
∮
Aµdxµ+σ|x˙|
〉
(C.3)
which is also natural as the localization locus is given by the configurations in which all fields
vanish except σ, that in turn takes constant values. On the other hand, once the equations
of motion are taken into account one finds [48]
σa =
1
4k
TrRT a
(
C21 + C
2
2 − C23 − C24
)
(C.4)
being C2I = CIC¯
I , T a ∈ su(N), that immediately yields to the operator considered in [24]
after σ has been integrated out.
In addition, SU(N1) × SU(N2) Chern-Simons theories with N ≥ 4 supersymmetry display
the presence of an underlying SU(N1|N2) supergroup structure [49]. This fact originally
motivated the proposal of a 12BPS operator based on the quantum holonomy of a SU(N1|N2)
superconnection [26]. Based on this consideration, in [26] the localized matrix integral for the
1
2BPS loop in a super-representation S of SU(N1|N2) was proposed to be given by
〈WS〉 = 1
dimS
〈
Str
(
eµi 0
0 −eνi
)〉
ABJM
(C.5)
where Str is the supertrace in S. The integral above was then recognised [21] to be the
supergroup extension of the correlator
〈WR〉 = 1
dimR
〈
tr
(
eµi 0
0 −eνi
)〉
ABJM
(C.6)
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in a representation R of SU(N1 +N2) in the already known two-cut matrix model describing
Chern-Simons theory on the lens space L(2, 1) 4, up to the analytical continuation
N2 → −N2 (C.7)
that is in facts equivalent to changing sign to one of the (rescaled) ’t Hooft couplings
t1 = 2pii
N1
k
t2 = −2piiN2
k
(C.8)
The lens space matrix model was deeply investigated in [21–23, 52–54] using standard matrix
models technology and also building on known results [55, 56].
When the super-representation S of SU(N1|N2) is the one induced by the adjoint represen-
tation of SU(N1 + N2), one has a simple relation between the two supersymmetric loops.
Indeed, setting Wadj the operator in (C.3) for the gauge field Aµ in the adjoint representation
of SU(N1) and Ŵadj its homologous for the gauge field Aˆµ in the adjoint of SU(N2) one has
〈WS〉 = 1
N1 −N2
(
N1〈Wadj〉 −N2〈Ŵadj〉
)
(C.9)
This gives a hint that the behaviour of the two observables at strong coupling must be the
same, at least to leading order, in the ABJM theory. Indeed the symmetry of the action al-
lows for differences between the perturbative expansions of Wadj and Ŵadj, in the planar limit,
only at odd orders of N1, N2 respectively, which are then canceled by the ABJM projection
(N1 = N2). Also note that a minus sign difference persists between the two
1
6BPS operators
due to the fact that one field has Chern-Simons level k while the other has level −k. Moreover,
(C.9) is perfectly well defined for N1 = N2.
In the large N limit the density of eigenvalues encoding the master field solution of the ABJM
matrix model was computed in [21] and reads
ρ1(x)dx =
1
pit1
tan−1
√
αx− 1− x2
βx+ 1 + x2
dx
x
ρ2(x)dx = − 1
pit2
tan−1
√
βx+ 1 + x2
αx− 1− x2
dx
x
(C.10)
where α, β are related to the endpoints of the two cuts and read in terms of the mirror coupling
constant
α = 2 + iκ β = 2− iκ (C.11)
In turn the mirror coupling is related to the ’t Hooft coupling through the mirror map
λ(κ) =
κ
8pi
3F2
(
1
2
,
1
2
,
1
2
; 1,
3
2
;−κ
2
16
)
(C.12)
4Three dimensional lens spaces are defined as the quotients L(p, 1) = S3/Zp. The 1/N expansion of CS
gauge theory on L(2, 1) coincides with the genus expansion of topological string theory on the local Calabi-Yau
manifold given by the anti-canonical bundle of the Hirzebruch surface CP 1×CP 1 [50]. The quantum correlator
in (C.6) then has also a Gopakumar-Vafa dual interpretation in terms of an open topological string amplitude
[50]. It is interesting to note that from the point of view of topological string theory on CP 1 ×CP 1, the more
natural object is then the supercorrelator, or 1
2
BPS Wilson loop, rather then the 1
6
BPS one. The lens space
matrix model was first introduced in [51].
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In these settings the 16 BPS Wilson loop of winding number n is given by the integral
〈W (θ)〉 =
∫
dµρ(µ)enµ (C.13)
with support over the interval [1/a, a]. The Wilson loop of the second gauge group has support
on the interval [1/b, b] and density ρ2(x). The endpoints of the cuts are also given in terms
of the mirror map
a(k) =
1
2
(
2 + iκ+
√
κ(4i− κ)
)
b(k) =
1
2
(
2− iκ+
√
−κ(4i + κ)
) (C.14)
Integrating explicitly the eigenvalue density is a hard task, but its derivatives with respect to
κ can be integrated exactly. This allows to write a differential equation for the Wilson loop
itself
∂
∂κ
(λ(κ)W (κ)) =
∂
∂κ
∫ a
1/a
xipinρ(x)dx (C.15)
that can be solved order by order in κ  1 and then inverted to get W as a function of λ.
This enabled the authors of [21] to compute the expansion of both the 16 and the
1
2BPS Wilson
loops at weak and strong coupling and match previous results coming from gauge theory and
semiclassical string computations [24, 57]. Subsequently a reformulation of the ABJM matrix
model in terms of Fermi gas was proposed [22]. This approach allowed the computation of
the partition function and later on of the supersymmetric Wilson loop at all orders in the
coupling (meaning only up to instanton contributions that are exponentially suppressed in
the large N limit) [23] 〈
W (1/2)
〉
=
1
4
csc
2pin
k
[
Ai(c(ζ − ξ))
Ai(cζ)
]
(C.16)
c =
(
pi2
2
k
) 1
3
ζ = N − k
24
− 1
3k
ξ =
6n
3k
(C.17)
Here n is again the winding number of the loop, the number of times it encircles the equator
of S3. Note that the latter result encodes all 1/N corrections in terms of a genus expansion
of the matrix model.
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